The vibration analysis and control of containers with heavy loaded fluid is undertaken in this paper. The problem of fluid-structure vibration is viewed and analyzed from several viewpoints including both analytical methods and numerical techniques. In order to effectively control the fluid-structure vibration, one of the side walls is made flexible where two piezoelectric patches are utilized to sense the distributed displacements resulting from fluid-structure movements, while the other one is used to actively control the vibration. For this, a boundary control technique is used to actively control the multi-modal vibration of fluid-structure. The simulation results for the analytical models are further validated using a comprehensive finite element method. Before applying the proposed controller, the results show that the fluid vibration is different in different heights and distances. However, the simulation results indicate that the piezoelectrically-excited beam is able to suppress the vibrations of all the positions very effectively and quickly. These results prove the feasibility of utilizing piezoelectrically-excited beams in vibration control of fluid-structure.
Introduction
Fluid and structural mechanics are a broad and interesting field of study beyond scientists and mechanical engineers since their combinations produce several complex problems and coupled dynamics. One of these problems is fluid-structure interaction (FSI) that is an important phenomenon in nature. This phenomenon has an important role not only in scientific but also in engineering fields. FSI is seen in different parts of the human body such as blood vessels, heart, and kidney. In these organs, vessels have contact with fluid and blood flow. Also, engineers consider this phenomenon and investigate the effects of fluid pressure on their structures in their technical design process especially in long bridges, towers, and offshore structures.
Partially full liquid containers are one of the important types of FSI. These containers are usually exposed to different movements when they are transported by the trucks, trains, and ships or when natural disasters such as an earthquake occur near them. These movements create oscillation and vibration in the fluid and cause sloshing in the free surface of them (Rebouillat and Liksonov, 2010) . Liquid vibrations suppression and sloshing omission are important for the engineers since these movements create serious problems for containers and damage them.
Several passive and active approaches are used to omit these unpleasant vibrations. Adding baffle blades to the structures is the most effective passive approach since they can prevent the creation of sloshing and decrease the vibrations of the liquid. Baffles have different shapes and are attached in different positions of the containers, of which the horizontal, vertical, and ring baffles (Panigrahy et al., 2009) are the most common types of them. Recently, several theoretical and experimental researches have been done such as analyzing the effects of liquid properties and container geometries (Akyildız and Ü nal, 2006) , analyzing the effects of baffles number on sloshing (Younes et al., 2007) , investigating baffles shapes on system oscillation (Lloyd et al., 2002; Liu and Lin, 2009) , studying of the effect of baffles position with respect to the boundaries on the vibration and sloshing of the fluid (Nayak and Biswal, 2015) , and analyzing the effect of using different shapes of baffles together (Panigrahy et al., 2009 ). Other passive methods are also used to reduce vibrations and sloshing of the liquid such as using foam (Cappello et al., 2015) or using wave absorber on the free surface of the liquid (Koh et al., 2013; Wang et al., 2018) .
There are several types of active wave absorbers, which are rarely used in the containers and mostly are used in converting sea waves to electrical energy (Andersen et al., 2016) . However, some studies have proposed new systems to control the fluid container movements such as employing several quadrotors and massless links to stabilize the fluid container (Sayyaadi and Soltani, 2018) and slosh control of fluid in a container using a nonlinear sliding surface and simple pendulum (Sandhra et al., 2017) . Also, recently an active force controller has been designed based on applying force to the container to reduce acceleration of fluid. This controller works like a glass of water in a human's hand and force is applied by the controller to prevent the surface sloshing (Purnomo et al., 2017) .
The primary objective of the current paper is to introduce a new active vibration absorber for liquids that are in a partially full container. The novelty of this strategy is using a flexible structure such as beams and plates that has contact with fluid to absorb the fluid vibrations. In this paper, a flexible beam is used in one side of the container and vibrates to damp the fluid vibrations. So, if the vibration of the beam is decayed, the vibrations of the liquid are suppressed too. In the last decade, the vibrations of these beams, plates, and shells have been analyzed in several studies (Talha and Singh, 2010; Jomehzadeh et al., 2011; Darabi and Leamy, 2017a; Khodaei et al., 2018 ) -these systems are investigated in flexible structure with fluid interaction (Najafi et al., 2011; Najafi, 2015; Ardekany and Mehrvarz, 2016) and are employed in position control (Castillo-Berrio and Feliu-Batlle, 2015) , energy harvesting (Darabi et al., 2017) , and energy sinks (Shirazi et al., 2013; Vatankhah et al., 2013; Darabi and Leamy, 2017b) .
A lot of controllers are used for ordinary differential equations (ODEs) while flexible structures have partial differential equations (PDE). So, the first method is changing PDEs to ODEs and then designing a controller for them. In these cases, the vibrations controller is designed for specific modes and is applied to the entire system. Implementing such controllers causes several inaccuracies and difficulties in practical efforts. One way to overcome these difficulties is the design of a PDE controller. Among all the introduced methods so far, backstepping and boundary controllers are the most popular ones because they are applicable in PDE problems and produce close results in the simulation and practice (Krstic and Smyshlyaev, 2008; Vatankhah et al., 2014) .
Appropriate actuators and sensors are needed to sense the vibrations and apply a proper controlled force to suppress the vibrations. According to advancement of science and development of smart materials, piezoelectric transducers are common sensors and actuators due to their ease of implementation and cost saving (Crawley and Luis, 1987) . Piezoelectric materials have the ability to apply significant forces to the structure with a low voltage input (Jalili, 2010) . New and various applications of these materials can be observed in systems such as powerful sonar, ceramic phono cartridge, piezo ignition systems, and ceramic audio tone transducer (Akhbari et al., 2016) . Vibration analysis of piezoelectric materials has increased in recent years and various researches have been done in this field such as energy harvesting and piezoelectric sensors (Lundstrom and Jalili, 2018a, 2018b) . Therefore, the piezoelectric sensor and actuator are used to apply force and for getting feedback from the boundary of the system (Mehrvarz et al., 2018a , Mehrvarz et al., 2018b .
According to the aforementioned statements, analyzing a partially full container with simple planar sloshing in liquid and vibration suppression of the fluid with a piezoelectric actuator is the main goal of this article. To reach this target, two piezoelectric layers are attached to the base (near the fixed boundary) of a fixed-free beam acting as actuators and a sensor to apply the boundary controller force.
The employed models are studied in the next section and the equations of motion with boundary conditions are extracted using energy based-methods. The boundary controller is designed which is applied as a piezoelectric voltage to the fluid-structure system. The finite element model is also utilized to solve the equations of motion. Finally, the proposed controller is analyzed and its effectiveness is evaluated using the proposed model.
Modeling
In this article, the model is a partially full container with rigid baffles (Figure 1(a) ). To simplify the model, as depicted in Figure 1 (b), fluid medium is contacted with flexible body in one boundary, fixed body in two boundaries, and free in the last boundary. Moreover, flexible beam is assumed as flexible structure and two piezoelectric layers with length of L p are attached on the base of the beam and used as actuator and sensor (Figure 1(c) ).
The extended Hamilton principle is used to find the equations of motion of the system (Rao, 2007) 
where the kinetic (T) and potential energy (U), external work (W ext ) and non-conservative work (W nc ) of each component can be written as 
where in equations (2)- (9) are length of the beam and piezoelectric, P is the pressure between structure and fluid, P e is the air pressure, V s and V a are sensor and actuator voltages, is fluid domain, À 1 , À 2 and À 3;4 are the wet surface or the fluid structure interface, a free surface with prescribed external pressure where it is allowed to linearize (gravitational) waves and fixed surface with prescribed external pressure, respectively. Moreover, w is lateral deflection of the beam, is angular displacement of beam and ' is velocity potential of fluid. The total kinetic and potential energy and external work of the system are given as
Substituting equations (2)- (9) to equations (10)- (12) and substituting the resulted equations to equation (1) and some manipulations (details of derivation in Appendix A), the equations of motion and boundary conditions can be derived as
where
According to Newton's second law, external farce on À 1 is equal to force of liquid to the beam and in opposite direction, and also external force on À 2 is equal to the atmospheric pressure to the free surface. In addition, other boundary conditions of the two-dimensional fluid domain are geometrical and as equation (14) the velocity in x direction on À 3 and velocity in y direction on À 4 equal zero.
The governing equations for the Newtonian barotropic fluid in equation (13) can be obtained from the Navier-Stokes equations as the wave equation by some simplification (Najafi, 2015) . It is assumed that liquid is the Newtonian barotropic fluid with low velocity and small amplitude motions. It is also inviscid compressible fluid and it is assumed to be irrotational flow (Daneshmand et al., 2004) .
Boundary controller design
In this section a controller is designed to control the vibration of the beam and fluid. Different methods are used for the design of a vibration controller. A boundary controller is one of the most effective controllers for flexible systems such as beams, membrane, plate, rod, bar, and string. Based on the variety of available controllers for ODEs and complexities of PDEs, most of control engineers prefer to discretize PDEs and change them to a set of ODEs. At the end, they apply the ODE controller to the PDEs. However, this method is only applicable for lower order modes. The designed boundary controllers for nondiscretized PDE models are often simple compensators which ensure closed loop stability for an infinite number of modes. Also, designing boundary control for PDEs is a an excellent approach because not only does this method eliminate the problem of both in-domain measurement and actuation but also it controls spillover (Vatankhah et al., 2014) . Several investigators (Canbolat et al., 1998; Yaman and Sen, 2007; Lotfazar et al., 2008; Smyshlyaev et al., 2009) have employed boundary controllers for many flexible systems especially for the Euler-Bernoulli and Timoshenko beams.
The Lyapunov function (V) is used to design a boundary controller for the system and is selected as the total energy of the system
The temporal derivation is applied to the equation (17) as follows
Benefitting from the fluid governing equations and divergence theorem, equation (18) is reduced to
Boundary conditions, equation (14), are used and some algebraic manipulations are performed. So, _ V is further reduced to
Since, V s is equal to zero, the following equation can be obtained
By using appropriate V a in the equation (21), vibrations of the beam and fluid can be decayed at the same time. The equation (22) is control law, and its ability to decay the vibrations of the system is shown in the next section.
where K is control gain. Stability proof of the controller is not presented here due to its complexities and difficulties and the reader is referred to Vatankhah et al. (2014) for more information.
Finite element method (FEM)
The FEM is used to simulate structure-fluid behavior before and after applying control voltage. In the first step, the Timoshenko element for beam and velocity potential element for wave are selected. Then mass, stiffness, damping, and force matrixes are obtained by using energy equations of the system and these elements' shape functions. At the end, these matrixes are used for finding the equations of FEM.
Wave and beam formulation
To employ FEM, the equations of fluid should be changed. So, equation (13) is multiplied by a test function and integrated over the fluid domain as follows
where W is a test function and defined as:
Here, Green's first formula is used to extend equation (23) as below
To use boundary conditions which appear in the right side of equation (25), the equation (14) is multiplied to test function and integrated as follows Z
Then, equations (26), (27), and (28) are substituted into equation (25) and the following equation is derived
where equation (29) is the energy equation of wave which is usable in FEM. Also, kinetic and potential energy of the beam (equation (2) and (5)) are used to create FEM equations in Sub-section 4.2.
Fluid element and Timoshenko beam element
Velocity in x and y direction and velocity potential are variables of rectangular fluid element and the shape function of this element (N f ) is given in equation (30) where in equation (30) 
In the following, mass, stiffness, damping and force matrixes are obtained by combining the energy equations and shape functions.
FEM equations
According to the energy equations of fluid (equation (29)), beam (equations (2) and (5)), and also fluid and beam shape functions (equations (30) and (31)), all the beam and fluid matrixes are defined as the following equations employing the variational method (Huebner et al., 2008 )
where in equation (32) 
where in equation (35) M s is beam mass matrix and in equation (36) K s is beam stiffness matrix. Also, the fluid force (F f ) and external force matrix (F ext ) can be defined as
where F i and M i are the external forces and moments in each node and are equal to zero exempt for those nodes that include the piezoelectric actuator layer. For these nodes, F i is still equal to zero while M i is the piezoelectric moment (M p ), which is given as
where the required piezoelectric actuator voltage can be obtained as
in equation (40), G a is actuator gain and the piezoelectric sensor voltage is given as
where in equation (41), G s is sensor gain and z p is piezoelectric distance from neutral axis of the beam.
By using these matrixes (equations (32)- (38)) finite element equations are achieved as
According to these equations, if n nodes exist in X axis vector and m nodes exist in Y axis vector the following equation is derived as
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By applying geometric boundary conditions in equation (44), the final matrixes can be obtained.
Results
For the system with FEM (equation (44)), simulation is done in MATLAB software in 2 seconds. To do this, the number of nodes are selected 5 in both x and y directions and the parameters shown in Table 1 are used.
It is assumed that fluid has a potential velocity of 0.01 in the center of the fluid and this is used as an initial condition of the system. The system has stable vibration because of the nonzero initial condition before applying the control voltage. To illustrate the figures for comparison of the different points of the fluid, a map which is shown in Figure 2 is used.
Based on Figure 2 , as the point is close to À 1 and À 2 , the fluid has more vibration because these two boundaries are flexible beam and fluid free surface. However, because of the initial condition which is applied in the center of fluid, this configuration is changed in some nodes that are close to the center of fluid.
The lateral deflection of the beam in three nodes (base, midpoint, and tip of the beam) is shown in Figure 3 . The blue line indicates the beam's vibration with nonzero initial condition in the absence of the controller and the red line shows the deflection of the beam after applying control voltage to the piezoelectric. According to Figure 3 , those nodes that are close to the beam's tip have more deflection in comparison with others because the beam is assumed to be a fixed-free beam and so the beam's tip has most deflection due to lack of constraint at this point. Consequently, as can be seen in Figure 3 , these nodes damp later and the beam deflection variation in tip point will be around 10 À4 after 0:1s. Figure 4 shows variations of in the same points. As can be seen rotation of beam increases near the tip point in the fixed-free beam and also the controller voltage needs more time to decrease the beam's vibrations. Moreover, the beam's rotation variation of the line element along the centerline in tip point will be around 10 À3 after 0:1s. The velocity potential of each node, which are shown in Figure 2 , in the absence and presence of the controller are presented in Figure 5 . As can be seen, stable vibrations are omitted by taking an appropriate control action (piezoelectric voltage) and the velocity potential stabilizes around its equilibrium point. Figure 6 , the fluid velocity in x direction is zero on the baffle (or left wall) and base of the beam. Moreover, fluid has the most velocity in x direction at node 9 because this node is on the free side of the beam. So, same as the beam deflection, as the nodes close to the free surface and also close to the beam, the fluid velocity in x direction increases and the controller needs more time to reduce the vibrations. It should be noted again that the node 5 is an exception because all nodes have zero initial condition in simulation except this node. However, the controller is able to reduce the vibrations of this point faster than node 8 since it is not near free surface. Figure 7 shows the fluid velocity in y direction for the same nodes. Also, Figure 7 indicates that the vertical velocity of the fluid is zero in lower surface and velocity in this direction will increase when nodes are close to the free surface and consequently the controller needs more time to reduce the vibrations of the upper nodes. (Bhadbhade et al., 2008; Jalili, 2009 The actuator and sensor voltage profiles are shown in Figure 8 when the controller is switched on (red line) and off (blue line). As clearly can be seen in Figure 8 , when the controller is off, the sensor output shows the alternative voltage and there is no voltage for the piezoelectric actuator. However, when the controller is switched on, the sensor and actuator voltages of the system decay to zero after a few moments. Such vibration damping mechanism can be also realized for the acoustic wave utilizing the destructive interferences (Ghaffarivardavagh et al., 2019) . It should be noted that in this step, to simulate a real condition, the operational voltage of the piezoelectric actuator is defined to be AE250 v.
Conclusion
This paper introduced a new active liquid vibrations damper to control the fluid vibrations. In the proposed structure, two piezoelectric transducers are attached to the beam to sense and damp the fluid vibrations. The boundary control method is used to avoid discretization of the conventional equations of motion (e.g., PDE) to control this structure. The top side of the fluid has been assumed to be free surface to simulate real containers. Some simulations have been accomplished in order to evaluate the theoretical results. The stabilization problem relies on utilizing the Lyapunov stability criteria and LaSalle invariant set theorem. The simulation results prove applicability of the proposed active damper in fluid vibrations' suppression. The results show that the vibrations are approximately eliminated in less than 0.1 seconds, the velocity in x direction is damped sooner than the velocity in y direction and, as expected, velocity near the flexible beam suppressed sooner than the farther points. These results need to be repeated by further simulations, including other types of sloshing phenomena, and validated by experimental tests in future works.
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By performing the operation in to the equation (A.2)
Integrating part by part and some algebraic manipulations, we get
ðA:4Þ
After some simplifications and also combination of similar terms, the equations of motion and boundary conditions can be derived as expressed in equations (13)-(15).
Appendix B: Fluid and Timoshenko beam shape functions
Velocity potential is variable in fluid element that it is dependent on changing in longitudinal and lateral ' ¼ f x, y ð Þ ðB:1Þ
By considering element shape and requirement degree, f function will be obtained as Also, the Timoshenko beam element has two variables in each node -these variables are lateral deflection and the rotation of line element along the centerline due to pure bending and they are defined as Also, by using h s matrix for two nodes that have been shown in C si can be calculated. 
